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A computational study of fully-developed flow of gas-particle suspensions in 
vertical pipes was carried out, using the model proposed recently by Sinclair and 
Jackson ( 1989), to understand the predicted scale-up characteristics. It was shown 
that the model can capture the existence of steady-state multiplicity wherein different 
pressure gradients can be obtained for the same gas and solids fluxes. A pronounced 
and nonmonotonic variation of the pressure gradient required to achieve desired 
fluxes of solid and gas with tube diameter was predicted by the model, and this is 
explained on a physical basis. The computed results were compared with the ex- 
perimental data. The model manifests an unsatisfactory degree of sensitivity to the 
inelasticity of the particle-particle collisions and the damping of particle-phase fluc- 
tuating motion by the gas. 

Introduction 
Circulating fluid beds have been applied in various industrial 

practices including fluid catalytic cracking (Yerushalmi and 
Avidan, 1985), calcination of alumina trihydrate to high-purity 
alumina, combustion of low-grade coal in power generation 
plants (Wirth, 1988), and oxidation of n-butane to maleic 
anhydride (Contractor and Sleight, 1988). A quantitative un- 
derstanding of the performance of these processes hinges on 
our ability to capture the complex hydrodynamics observed in 
them. It is well known that marked segregation of particles 
over the cross-section occurs even in vertical flow (Bartholo- 
mew and Casagrande, 1957; Saxton and Worley, 1970; Yerush- 
almi et al., 1978; Youchou and Kwauk, 1980; Weinstein et al., 
1984; Bader et al., 1988). Consequently, one-dimensional the- 
oretical models (Hinze, 1952; Gidaspow and Solbrig, 1976; 
Leung and Jones, 1978; Ginestra et al., 1980; Arastoopour et 
al., 1982; Arastoopour and Cutchen, 1985; Chen et al., 1984) 
have required a good deal of empiricism in the form of fitted 
parameters which depend on the nature of the particles and 
the size of the tube. 

Possible causes for the occurrence of lateral segregation of 
solids over the cross-section and the resulting large-scale me- 
chanical effect have been explained effectively by Sinclair and 
Jackson (1989). In most cases of interest in circulating fluid 
beds, the Reynolds number for the gas flow, based on the pipe 
diameter, is large and the flow will be turbulent at least at low 
particle concentrations. Berker and Tulig (1986) adopted the 
view that the interaction between the particles and the turbulent 
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eddies can lead to an uneven distribution of particles over the 
cross-section. However, as the effect of particles on the struc- 
ture of the turbulence is not known, a heavy reliance on em- 
piricism was inevitable. 

It was pointed out by Sinclair and Jackson (1989) that in 
the motion of a gaseous suspension both the fluid and particle 
velocities have local average and random components and that 
the interaction of the fluctuating part of the particle motion 
with the mean particle motion generates stresses in the particle 
assembly. They constructed a mathematical model for fully- 
developed flow in vertical pipes taking into account only this 
particle-phase interaction (and neglecting the effect of tur- 
bulence) and demonstrated that such a model can reproduce 
qualitatively the complex variety of flow patterns known to 
occur in such flows. Recently, Louge et al. (1990) have ex- 
panded this model to account for the effect of turbulence; 
however, it appears that the particle-phase interaction is the 
key element required to produce lateral segregation of solids. 

The present study builds on the analysis of Sinclair and 
Jackson (1989). These authors carried out all their simulations 
for a single pipe diameter (3 cm) and a single particle size (150 
pm). It is of practical importance to extend their calculations 
to larger pipes and different particle diameters, and to compare 
the predictions with some experimental data. These are the 
objectives of the present work. It will be seen that the model 
of Sinclair and Jackson (1989) can capture certain multiplicity 
features in circulating fluid beds, which are known to be pos- 
sible experimentally, but not reported, to the best of our knowl- 
edge, in any previous theoretical analysis. We will focus almost 
exclusively on cocurrent upflow and bring forth the complex 
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manner in which the flow behavior scales up as one increases 
the diameter of the pipe. Finally, we will comment on the 
limitations of the model. 

Model Equations 
The equations of motion in cylindrical coordinates for fully- 

developed flow take the following form (Sinclair and Jackson, 
1989): 

I d  
r dr -- -(Torz) 

I d  aee 0 = -  - ( r u , )  -- 
r dr r 

I d  
r dr 

O=-- (rqpT)+urz  (4) 

Equations 1 and 2 represent the axial momentum balance of 
gas and solid, respectively. Equation 3 is the radial momentum 
balance for the solid, while Eq. 4 represents the balance for 
the pseudothermal energy of fluctuating particle velocities. The 
positive direction in the z-axis is assumed to point up vertically. 

A detailed account of the terms appearing in the above model 
equations is presented by Sinclair and Jackson (1989) and will 
not be repeated here. To close these equations, constitutive 
relations are needed for the particle-phase stress, the pseu- 
dothermal energy flux, the dissipation rate, the gas-phase ef- 
fective viscosity, and the interphase drag coefficient. For the 
first three, we use slightly modified forms of the expressions 
derived by Lun and Savage (1984). For the fourth and fifth, 
we adopt the expressions suggested by Sinclair and Jackson 
(1989) and Ding and Gidaspow (1990), respectively. 

pe,=ps(l +2.5~,+7.6~:)(1 - E , / E , )  (9) 

f ,=k ( 1 + p g 0 ) 2 + 5 6  8 
go 

f2=h[ go (1 +~€s~o)2+g(€s&)2] (11) 

where 

p = 5rn(0/~)~’~/16d,2;  p b =  256&gO/5n 

7 = (1 + e)/2; X = 75rn(0 /~)~’~ /64d: ;  

go= (1 -(€s/€o)1/3)-1 

and 

with Re, defined as: 

Boundary Conditions 
At the center of the tube, symmetry is assumed for all the 

dependent variables. The following three conditions at the tube 
wall, r = R,, are exactly the same as those employed by Sinclair 
and Jackson (1989). 

represents the stress balance at the wall for the solid phase. 
Here, 4 ’  is a specularity factor, whose value ranges from zero, 
when collisions between particles and the wall are specular, to 
unity when incident particles are scattered diffusely. 

represents the exchange of pseudothermal energy between the 
particles and the wall. Here, e, is the coefficient of restitution 
for particle-wall collisions. 

For the gas phase, Sinclair and Jackson (1989) recommended 
the following boundary condition at r = R,. 

Here, 6 = ~ , E , / E ,  and 6, - 5; and U, is the terminal velocity of 
the particle. It is instructive to examine these wall boundary 
conditions more closely to get a better appreciation of what 
they imply. For the parameter values listed in Table 1, Eq. 
(13) reduces to 

us=o. 

Table 1. Boundary Conditions of the Tube Wall 

ps = 1,5OC kg/m’ 
pp = 1.22 kg/m3 

c,, = 0.65 
pg=4x kg/m.s  
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Figure 1. Gas superficial velocity vs. solid mass flux 
locus at constant pressure gradient. 

Thus, for all practical purposes, this boundary condition is 
equivalent to setting the axial velocity of the particle at the 
wall to zero. It also implies that the specularity coefficient will 
have a nonnegligible effect on the model predictions, only if 
its value is of the order of lo-' or smaller. We believe that 
such small values are unlikely. Next, if we examine Eq. 14, it 
can be concluded readily that the granular temperature at the 
wall will be very close to zero, independent of the value of e,, 
provided that the deviation of e ,  from unity is larger than 

Finally, it is straightforward to carry out an order of 
magnitude analysis of the various terms in Eqs. 1 and 2 and 
arrive at the conclusion that for all the conditions discussed 
here the effective viscosity of the gas phase plays an insignif- 
icant role. Indeed, it begins to become important only in ex- 
tremely dilute and extremely high (gas) velocity pneumatic 
transport. The coefficient of restitution for the collision be- 
tween particles is the most significant parameter in the model 
(besides, the easily specifiable parameters such as flow rates, 
particle size and density, tube size, and so on). As in the 
research by Sinclair and Jackson (1989), we will examine the 
case of perfectly elastic collisions between particles (e = 1) and 
then briefly consider the consequences of inelastic collisions 
between particles. 

Results 
Most of the results presented in this section will pertain to 

the flow of particles whose properties are chosen to be ap- 
proximately those of the cracking catalyst. When the value of 
dp/dz is less than zero, the variation of the riser gas velocity 
(expressed as superficial velocity), Ui, with the cross-sectional 
average mass flux of the particles, Qf, found by Sinclair and 
Jackson (1989) is shown in Figure 1. Positive values imply 
upflow. The radial variation of the solids fraction and the 
velocities corresponding to the different branches in this figure 
was discussed in detail by Sinclair and Jackson (1989) and will 
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Figure 2. The variation of (a) pressure gradient 
( -  dp/dz) and (b) average solid volume frac- 
tion as functions of gas velocity at different 
values of solid flux. Tube diameter = 1 m. 

not be repeated here. They observed this trend for the flow 
through a 3-cm-dia. tube. We simply note that the same trends 
are obtained even with much larger tube diameters. 

Typical Trends in Pressure Gradient and Average 
Solid Holdup 

Although it is perhaps more elegant to present the results 
in a dimensionless form, we will present the results in a di- 
mensional form commonly encountered in the literature on 
circulating fluid beds. Figures 2a and 2b present the axial 
pressure gradient ( - dp/dz) and the (cross-sectional) average 
solids holdup at various values of U; and Q:, for a I-m-dia. 
riser tube. The parameter values used in the simulations are 
presented in Table 1. Fluid cracking catalyst (FCC) risers op- 
erate typically with Q: in the range of 300-600 kg/m2.s and 
Uiaround 15-20 m/s. In this range of Qlvalues, the magnitude 
of the pressure gradient decreases monotonically with increas- 
ing riser gas velocity; and this is accompanied by a decrease 
in the average solids holdup. At extremely high values of Ui  
(not shown in Figure 2a), it is obtained that the magnitude of 
the pressure gradient will reach a minimum and then start to 
increase with increasing riser gas velocity (Sinclair and Jackson, 
1989). This pneumatic transport regime is encountered rarely 
in circulating fluid bed reactors. 

Figures 2a and 2b reveal that for small values of Qf, there 
exist three possible values of ( -dp/dz)  and average solids 
holdup for every value of riser gas velocity, for a range of 
riser gas velocities. (The lowest branches of the solutions, where 
the pressure gradient hardly changes with riser gas velocity, 
are not shown completely.) To the best of our knowledge, this 
feature has not been reported in any previous modeling effort. 
The occurrence of such a multiplicity, however, is well known 
experimentally (Yerushalmi and Avidan, 1985; Wirth, 1988). 
Such values of QT are certainly of practical relevance in con- 
texts such as circulating fluid bed combustors and maleic an- 
hydride synthesis reactors. 

Radial Variation of Solid Volume Fraction, etc. 
At all U;and Qfvalue shown in Figures 2a and 2b, profound 

radial variations in the solids fraction, the velocities, and the 
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Figure 3. The radial variation of (a) the particle volume 
fraction and the granular temperature, and (b) 
the axial velocities of the two phases; upper 
steady state. 

granular temperature (also referred to as the particle temper- 
ature) are obtained. Figures 3,4 and 5 show the radial variation 
of these quantities corresponding to the three solutions for 
Q:=25 kg/m2.s and U,*=8 m/s. It can be seen that all the 
three branches show similar radial variations, with a downflow 
of solid and gas in the vicinity of the wall and an upflow in 
the core region. The granular temperature is very high in the 
core and it decreases sharply to a small value near the wall. 
This is accompanied by an inverse variation of the solid volume 
fraction. Noting that 30= ( Us”>, where Us’ is the (charac- 
teristic) magnitude of the fluctuating component of the solid 
velocity, it can be extracted from Figures 3 to 5 that the fluc- 
tuating component of the solid velocity in the center of the 
tube is of the same order to magnitude as the mean axial 
velocity of solid there. 

Extent of Recirculation 
To get a better appreciation of the extent of recirculation 

in the riser tube, the results of Figures 2a and 2b are replotted 
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Figure 4. The radial variation of (a) the particle volume 
fraction and the granular temperature, and (b) 
the axial velocities of the two phases; middle 
steady state. 
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Figure 5. The radial variation of (a) the particle volume 
fraction and the granular temperature, and (b) 
the axial velocities of the two phases; lower 
steady state. 

in Figures 6a and 6b, where the net upflow (‘3f the gas and 
solid, respectively) in the riser divided by the upflow in the 
core region is plotted against the riser gas velocity. Here, the 
“core” is defined as the region where the axial velocity points 
up. The size of the core region will, therefore, differ for dif- 
ferent operating points. A value of unity for the quantity 
plotted as ordinate in Figures 6a and 6b corresponds to no 
recirculation. A very large recirculation of the solid is clearly 
evident (Figure 6b). The recirculation in the ga,i phase (Figure 
6a) is large as well, but smaller than that for the solid phase. 

Effect of CatalystlOil Ratio 
In the context of FCC risers, the operating regions are usually 

characterized in terms of the so-called catalyst/oil (mass ratio). 
The gas phase is formed upon vaporization of the oils, so that 
for our analysis we can view this ratio as [Qs’/PgUg. Values in 
the range of 6 to 15 are common for this ratio. Figures 7a and 
7b show the variation of (- dp/dz) and average solid holdup 
as a function of the riser gas velocity for various values of 
catalyst/oil ratios. On the lefthand limb of Figure 7a, the 

3 6 9 1 2  1 5  0.4 3 I--- 6 9 12 15 

Riser gas velocity (mls)  Riser gas velocity ( m i s )  

Figure 6. Extent of recirculation in the riser tube. (a) gas 
phase; (b) solid phase. Tube diameter = 1 m. 
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Figure 7. The variation of (a) pressure gradient 
( -  dp/dz) and (b) average solid volume frac- 
tion as functions of gas velocity at different 
values of the solid mass flux divided by the 
gas mass flux (referred to as catloil ratio). 
Tubediameter = 1 m. 

pressure gradient is due predominantly to the weight of the 
solids. This is not so in the righthand limb, where a sharp 
increase in the pressure gradient is predicted while the solid 
holdup is roughly constant. (Although the results presented in 
these figures are only for riser gas velocities below 50 m/s, 
computations were carried out for riser gas velocities up to 
150 m/s. It was found that the pressure gradient continued to 
rise with the riser gas velocity, while the solids holdup did not.) 
It was found that this branch is accompanied by a rapid increase 

Radial distance (cm) 

Figure 8. Radial variation of solids volume fraction. 
0; = 98 kglm2.s; U; = 3.7 mls. Tube radius 15.2 
cm. The solid circles are the data of Bader et 
al. (1988). 
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Figure 9. Radial variation of solids mass flux. Q*, = 147 
kglmZ.s; U; = 4.6 mls; tube radius = 15.2 cm; 
also shown are the data of Bader et al. (1988). 

in the granular temperature and hence the viscosity of the solid 
phase. Thus, the viscous loss in the solid phase is the more 
dominant part of the pressure gradient here. It was also found 
that over the range of gas velocities shown in Figures 7a and 
7b, the contribution arising from the effective viscosity of the 
gas phase is negligible. 

Comparison with Experimental Data 
Before proceeding with a discussion of the effect of riser 

diameter, it is worthwhile to compare the model with some 
experimental data. Figure 8 shows the radial variation of solid 
volume fraction in a 15.2-cm-radius riser at a Q: of 98 
kg/m2. s and Ul of 3.7 m/s. The parameters are as in Table 1 
except that ps= 1,714 kg/m3 and ds=76 pm. The figure also 
shows the data reported by Bader et al. (1988), who carried 
out experiments in a 10.2-m-tall riser and measured the radial 
variation of solid fraction at two different heights (4 m and 9 
m). The experimental data in Figure 8 are measured at a height 
of 9 m. The mathematical model with the chosen values for 
the parameters is able to reproduce the experimental data quite 
nicely. The sensitivity of the computed results on the chosen 
values of the parameters was analyzed. It was found that the 
results are essentially insensitive to small changes in the values 
of all the parameters except for the coefficient of restitution 
for particle-particle collisions. This sensitivity will be discussed 
later. 

Figure 9 compares the radial variation of the solid volumetric 
flux per unit cross-sectional area (i.e., the product of the solid 
axial velocity and the solid volume fraction) predicted by the 
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Figure 10. Variation of pressure gradient ( -  dp/dz) as a 
function of the gas velocity at different tube 
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model for Qfof 147 kg/m2.s and U,=4.6 m/s with the ex- 
perimental data for Bader et al. (1988). The solid circles are 
the measured values. For regions near the wall, Bader et al. 
measured the upflow and the downflow and, from these, es- 
timated the net flow that is shown as solid squares. In the core 

Riser gas velocity (m/s) 

Figure 11. Variation of pressure gradient ( -  dp/dz) as a 
function of the gas velocity at different tube 
radii. Q: = 0 kg/m2.s. 

region shown with solid circles, no downflow could be detected 
experimentally. Again, the mathematical model (with the par- 
ticular choice of parameters) is able to reproduce the data 
surprisingly well. 

Effect of Riser Diameter 
Figure 10 shows the variation of ( -  dp/dz) as a function of 

Ui for different values of riser radius, at Q:=15 kg/m2.s. 
Figure 2 shows that for riser radius of 0.5 ni, steady-state 
multiplicity is predicted for a range of riser gas velocities at 
this solids flux, and this is seen in Figure 10 as well. Note that 
as the riser radius decreases, the curve shifts dramatically to 
the left and the multiplicity disappears. This clearly illustrates 
the potential perils in simple-minded scale-up. The occurrence 
of steady-state multiplicity is certainly well-known experimen- 
tally. It can be concluded from Figure 2 that as one decreases 
Qf, multiplicity becomes possible for a range clf riser gas ve- 
locities below a threshold value solid flux, a *. 11 can be readily 
inferred from Figure 10 that this threshold value Q' must 
depend on the tube radius. We found that this quantity de- 
creases as the tube radius decreases. As Qf=O is the lowest 
value of the solid flux of interest in the contexL of upflow, it 
is instructive to construct the plots of ( -  dp/d.Q vs. riser gas 
velocity for different values of tube radii corresponding to 
Qf= 0, Figure 1 1 .  It is seen readily that steady-state multiplicity 
is present even for small tube diameter. (This figure does not 
show the lowest branch corresponding to the single-phase gas 
flow, which is very close to the x-axis.) The range of riser gas 
velocities for which multiplicity exists increases rapidly as the 
tube radius increases. Considering that the steady-state mul- 
tiplicity exists over such a narrow range of flow rates in a 3- 
cm-dia. tube, it is not surprising that Sinclair and Jackson 
(1989) failed to notice it. 

The variation of ( -  dp/dz) and average solid holdup as a 
function of the riser radius is shown in Figure l;!a for Qf= 150 
kg/m2.s and Ui=4.5 m/s. For small tube diameters, an in- 
crease in the tube diameter at specified1 fluxes of gas and solid 
results in a decrease in the pressure gradient and the solid 
holdup. This trend is well known (for example, see Yerushalmi 
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Figure 12. Variation of (a) pressure gradient and the aw 
erage solids volume fraction, and (b) cross 
sectional average of f, and the quantity F (eq. 
16) with the radius of thie riser tube. O*,= 150 
kg/m2-s; U;-  -4.5 mls. 
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Figure 13. Variation of pressure gradient with the radius 
of the riser tube for Qt,=15 kg/m2.s and U; 
= 6  mls. 

and Avidan, 1985). The model predicts that somewhere in the 
range of 5 to 10 cm of tube radius, the trend reverses, as can 
be seen in Figure 12a. At about the same time, the solid holdup 
begins to increase rapidly as well. The quantity (, 

where is the average solids volume fraction, is plotted in 
Figure 12b as a function of the tube radius. For small tubes, 
this quantity is positive, while for large tubes this quantity 
becomes negative. For small tube diameters, there is no flow 
reversal near the tube wall (for this set of fluxes) and hence 
the wall resistance hinders upflow of the solids. For large tubes, 
however, there is an appreciable downflow and the wall re- 
sistance hinders the downflow of the particles. 

Figure 12b also shows the cross-sectional average value of 
the solid-phase viscosity, u,), clearly proving the dramatic 
increase in the value of this quantity resulting from the rapid 
increase of the granular temperature with tube diameter. For 
small tubes, the solid-phase viscosity is small, but the velocity 
gradient is large. For large tubes, the opposite is true. 

Figure 13 shows the variation of (- dp/dz) with the tube 
radius for a different combination of fluxes (Qf= 15 kg/m2.s 
and CJ,'=6 m/s). For this combination of fluxes, steady-state 
multiplicity is observed over a range of tube diameters. The 
details of flow patterns in the three branches are very similar 
to those described earlier in Figures 3 to 5 .  

Effect of Particle Size 
The variation of pressure gradient with the riser radius is 

shown in Figure 14 for three different values of average particle 
diameter. The pronounced effect of particle size is seen readily. 
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Figure 14. Variation of pressure gradient with the radius 
of the riser tube for three different values of 
particle diameters. Q*,= 150 kg/m2.s and U; 
= 4.5 mls. 

According to the model, in narrow tubes, smaller particles are 
transported more effectively (i.e., with less pressure gradient); 
as the tube diameter increases, this trend can reverse! There 
do not seem to be adequate experimental data to verify if this 
is indeed true. 

Countercurrent Flow and Cocurrent Downflow 
It can be seen from Figure 1 that in the countercurrent flow 

regime, as many as four different values of gas fluxes can be 
obtained for a given Q: and ( -  dp/dz) over a range of Q: 
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Figure 15. Countercurrent flow. Variation of (a) pressure 
gradient and (b) average solids volume frac- 
tion as a function of tube radius. O*,= - 100 
kg/m2.s; U;=3 mls. 
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Figure 16. Cocurrent downflow. Variation of (a) pressure 
gradient and (b) average solids volume frac- 
tion as a function of tube radius. GI*,= - 1000 
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values. The two solutions in the cross-back region close to the 
cusp point A representing the classical fluidized bed will dis- 
appear even if the tube is inclined slightly (Ocone et al., 1990) 
and hence may be neglected. Figure 15 shows the variation of 
pressure gradient (- dp/dz) and average solid holdup as func- 
tions of the tube radius for a countercurrent flow. It is inter- 
esting to note that fully-developed flow at the indicated 
combination of fluxes is not possible for tube radii below 
(about) 0.27 m. If we keep the gas flux fixed and bring the 
solid flux closer to zero, the curves shown in Figure 15 will 
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shift to the left. Both branches of solutions shown in Figure 
15 have similar radial variations, with solids (and gas) going 
down near the wall and going up in the core region. 

Figure 16 shows a similar plot for a cocurrent downflow. 
For the combination of fluxes shown, there is a unique solution 
for small-diameter tubes. When (-d,n/dz) is less than zero, 
no recirculation is possible: both the gas and the solid flow 
downward at all radial positions. As the tube diameter in- 
creases, the sign of ( - @/&) changes and internal recircu- 
lation (in the form of gas and solids flowing ~p in the core 
and down near the wall) becomes possible. For large tube 
diameters, another pair of solutions appear as shown in Figure 
16. All the three branches have pronounced radial variations 
in solid volume fraction. 

Discussion 
The comparison of the model predictions with the data of 

Bader et al. (1988) is encouraging. Also, we d>d not observe 
any trends in the model predictions that are clearly in violation 
of what is known empirically. Thus, it is tempting to conclude 
that the model advanced by Sinclair and Jackiton (1989) has 
captured all the dominant effects. Such enthusiasm, however, 
is probably not entirely warranted, for reasons discussed be- 
low. 

It has been assumed in the simulations that the collisions 
between the particles are elastic. In reality, the particle-particle 
collisions are far from being elastic. So, one must examine 
what happens if the value of e is set to Ibe different from unity. 
This point has been previously addressed by Sinclair and Jack- 
son (1989), who found that the solution stru:ture changed 
dramatically when e was changed from 1 .O to 0 99. We found 
the same behavior in our computations for the flow in larger- 
diameter tubes. To highlight this effect, we hake presented in 
Figure 17 the radial variation of solid fraction for two different 
values of e,  corresponding to the conditions desc-ibed in Figure 
8. Recall that a very good correspondence between the model 
and the experimental data of Bader el: al. (1988) was seen in 
Figure 8, when we assumed that e =  1.0. It c m  be inferred 
readily from the enormous sensitivity of the model predictions 
to the value of e seen in Figure 17 that the agreement displayed 
in Figure 8 should not be taken too seriously. As repeatedly 
emphasized by Jackson, the model of SinclaiI and Jackson 
(1989) should not be viewed as being complete. 

To understand a second limitation of this model, not re- 
ported in the study by Sinclair and Jackson (1989), consider 
the pseudothermal energy balance, Eq. 4. The second and third 
terms on the righthand side represent the source of pseudo- 
thermal energy arising from the mean shear in particle motion 
and the sink due to the inelastic pari.icle-particle collisions, 
respectively. As noted by Buyevich (1971), the fluid-particle 
interactions do provide a source as well as a sink for pseudo- 
thermal energy. Ding and Gidaspow (1990) haw proposed the 
term 

be added to the righthand side of Eq. 4 to account for the 
sink due to the fluid-particle interaction. They have also argued 
that the source due to the fluid-particle interaction is not likely 
to be significant. In Figure 18, we display the radial variation 
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of the solid volume fraction predicted by the model for two 
different cases. In both of these cases, we have assumed that 
e is unity. The gas and solid fluxes are as in Figure 8. Case 1 
corresponds to the model as presented by Sinclair and Jackson 
(1989). When one adds the term suggested by Ding and Gida- 
spow (1990) (Eq. 17) to the righthand side of Eq. 4, case 2 
results. It is clear that the sink term (case 2) can modify the 
results dramatically. (Note that in the results presented here, 
fluid-particle interaction is the only sink.) 

Louge et al. (1990) have expanded the model of Sinclair and 
Jackson (1989) to account for the effect of turbulence. They 
found that if one neglects the source of pseudothermal energy 
due to the mean shear in the particle motion (i.e., the second 
term in the right side of Eq. 4) and introduces the contribution 
arising from turbulence in the fluid phase, the model could 
not be made to match experiments. Such matching was possible 
when both the turbulence effect and the source due to the mean 
shear in the particle assembly were retained. Unfortunately, 
they did not report what happens if the source due to the mean 
shear in the particle assembly was retained, but the effect of 
turbulence was dropped. 

Thus, the model of Sinclair and Jackson (1989) analyzed 
here predicts an unrealistic degree of sensitivity to the coef- 
ficient of restitution for particle-particle collisions and the 
damping of the particle-phase fluctuating motion by the gas 
phase. This could perhaps be remedied by including the tur- 
bulence effects, but this remains to be demonstrated. 

Summary 
In the present study, we have expanded the work of Sinclair 

and Jackson (1989) and investigated the fully-developed flow 
of gas-particle suspensions in vertical pipes of different di- 
ameters. This model predicts a complex scale-up behavior. The 
new features revealed by our computational analysis are as 
follows: 

The existence of steady-state multiplicity, in which dif- 
ferent pressure gradients can be obtained for the same gas and 
solid fluxes, has been known experimentally for many years 
and is indeed predicted by the model of Sinclair and Jackson 
(1989). 

It is known experimentally that when the tube diameters 
are small, the pressure gradient required to achieve desired 
solid and gas fluxes in a riser decreases as the tube diameter 
increases (Yerushalmi and Avidan, 1985). This was indeed 
observed in our simulations. When the tube diameters are large, 
however, this trend can reverse, due to a rapid increase in the 
fluctuating component of the particle velocity with tube di- 
ameter. 

Operations in the countercurrent mode at certain com- 
binations of gas and solid fluxes are possible in large-diameter 
tubes, but not in small-diameter tubes. 

Scale-up of cocurrent downflow is no less complex than 
cocurrent upflow. According to the model, while there may 
be only one steady state for a given combination of fluxes in 
small-diameter tubes, multiplicity of steady states is possible 
upon scale-up. 

It is also pointed out that the model manifests an unsatis- 
factory degree of sensitivity to the inelasticity of the particle- 
particle collisions and the damping of particle-phase fluctuat- 
ing motion by the gas. 
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Figure 18. Sensitivity analysis. Radial variation of solid 
volume fraction with (case 2) and without 
(case 1) gas phase damping of the particle 
phase random motion. Fluxes and tube ra- 
dius are as in Figure 8. 
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Notation 
C, = drag coefficient described after Eq. 12 
d, = particle diameter, m 
e = coefficient of restitution for particle-particle collisions 

e,  = coefficient of restitution for particle-wall collisions 
f, = effective viscosity of the particle phase, Eqs. 5 and 10, 

kg/m.s 
f 2  = effective pseudothermal conductivity, Eqs. 7 and 11, 

kg/m,s 
g = acceleration due to gravity, m/s2 

go = radial distribution function 
m = mass of a single particle, kg 
p = gas pressure, kPa 

Q: = mass flux of particles (cross sectional average), kg/m2.s 

R,  = tube radius, m 

qPT = pseudothermal energy flux, kg/s3 

r = radial coordinate, m 

Reg = gas phase Reynolds number based on particle diameter 
S = particle phase stress tensor, kg/m.s2 

U,, Us = local average axial velocities of gas and particles, m/s 
U; = superficial velocity of the gas, m/s 
U, = terminal velocity of the particle, m/s 

Greek letters 
p, = drag coefficient defined by Eq. 12, kg/m3.s 

collisions between particles, Eq. 8, kg/m. s3 
y = dissipation rate of pseudothermal energy due to inelastic 

6, 6, = see Eq. 15 
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local average volume fractions of gas and solid, eg + t, = 1 
maximum possible value for E ,  
see Eq. 12 
granular (particle) temperature, m2/s2; except in Eq. 3 where 
it defines one of the azimuthal direction 
see Eq. 12, kg/m.s 
see Eq. 12, kg/m.s 
viscosity of the gas, kg/m.s 
effective viscosity of the gas phase, Eq. 9, kg/m.s 
see Eq. 16 
density of gas and solid, kg/m’ 
components of the stress tensor associated with the particle 
assembly, defined in the compressive sense 
specularity coefficient for particle-wall collisions 
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